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Fluid-fluid transitions of hard spheres with a very-short-range attraction

Richard P. Sear*
Department of Physics, University of Surrey, Guildford, Surrey GU2 5XH, United Kingdom

~Received 29 November 1999!

Hard spheres with an attraction of range a tenth to a hundredth of the sphere diameter are constrained to
remain fluid even at densities when monodisperse particles at equilibrium would have crystallized, in order to
compare with experimental systems that remain fluid. They are found to have a fluid-fluid transition at high
density. As the range of the attraction tends to zero, the density at the critical point tends toward the random-
close-packing density of hard spheres.

PACS number~s!: 82.70.Dd, 61.20.Gy
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I. INTRODUCTION

Argon forms a liquid because argon atoms attract e
other and these dispersion attractions between the atom
relatively long ranged; the volume over which one arg
atom attracts another is comparable to the volume one a
atom of the pair excludes to another. If we could reduce
range of the attraction between argon atoms then the liq
phase would disappear from the equilibrium phase diag
when the volume over which the atoms attract was of or
one-tenth of the volume they exclude to each other.
course, we cannot change the interaction between argo
oms but there are well-established colloidal systems wh
interactions we can change. The liquid phase disapp
from the equilibrium phase diagram because the fluid-fl
transition is preempted by the crystallization of the flu
But, although the fluid-fluid transition has disappeared fr
the equilibrium phase diagram of monodisperse particles,
periments often do not observe crystallization, presuma
due to a combination of a large free energy barrier to cr
tallization and the destabilizing effect of small amounts
polydispersity on the crystalline phase. As crystallizati
does not occur it does not preempt the fluid-fluid transiti
which is therefore observable. With this in mind, we stu
the behavior of spherical particles with a short-range attr
tion which are constrained to remain fluid. We study attr
tion ranges down to a hundredth of the diameter of the h
core—this is what we mean by very-short-range attractio
We find that as the range decreases the density at the cr
point increases to very high values. For a sufficiently sh
range the critical point lies above the density of the kine
glass transition observed in experiments on hard-sphere
colloids. This will make direct observation of the phase se
ration difficult or impossible; however, this phase transiti
may still influence nonequilibrium behavior such as the f
mation of glasses and gels.

Here we will not consider the crystalline phase at all. O
results are for a system of particles that is constrained
remain fluid at all temperatures and pressures; see R
@1–3# for a discussion of the application of constraints
stabilize a phase that would otherwise be metastable or
stable. Although experiments on near-monodisperse co
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dal spheres show that they crystallize readily, at least as l
as the attraction is not too strong, polydisperse colloi
spheres often never crystallize@4# and the presence of a very
short-range attraction makes the crystalline phase even m
sensitive to polydispersity@5#. By ‘‘polydisperse’’ spheres
we mean that the spherical particles do not all have the s
diameter but have a range of diameters. Our theory is a
turbation theory about a hard-sphere fluid and so comple
neglects the crystal. Thus we will not need to explicitly app
a constraint within the theory. We do, however, need to
sume that it is possible to apply a constraint to the sys
that has almost no effect on the fluid phase but comple
prevents crystallization.

II. THEORY

We chose a simple potential with a hard-sphere core
an attraction in the form of a Yukawa function. The har
sphere1 Yukawa potential is a spherically symmetric pa
potential so the interaction energyv depends only on the
separationr of the centers of the two particles,

v~r !5H `, r<s

2e~s/r !exp@k~12r /s!#, s,r ,
~1!

wheres is the hard-sphere diameter ande is the energy of
interaction for touching spheres. With this potential the th
modynamic functions depend on the reduced tempera
kT/e and the reduced densityh5(N/V)(p/6)s3, which is
the fraction of the volume occupied by the cores of the p
ticles.k, T, N, andV are Boltzmann’s constant, the temper
ture, the number of particles, and the volume, respective

We require a free energy for this potential that is accur
up to very high densities, up to near random close pack
which is at a volume fractionh.0.6420.65 @6,7#. Speedy
@7# has obtained, from computer simulation data, an accu
equation of state of hard spheres up to random close pack
This enables us to use a perturbation theory, i.e., to start f
the Helmholtz free energy in the infinite temperature limit
our model, which is hard spheres, and add on the energy
perturbation. Then our expression for the Helmholtz free
ergy per particlea at a temperatureT and a volume fraction
h is

ba~h,T!5baHS~h!1bu~h,T!, ~2!
6019 ©2000 The American Physical Society
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whereaHS is the Helmholtz free energy of hard spheres,u is
the energy per particle, andb51/kT. As the energy of a
fluid of hard spheres is zero,baHS52sHS/k, wheresHS is
the entropy per particle of hard spheres, which is, accord
to Speedy@7,8#,

sHS

k
512 ln r1C ln~h02h!1S01N21ln Ng~h0!, ~3!

whereC52.8, S0520.25, andNg is

Ng~h0!5exp$N@a2g~h02hm!2#%, ~4!

wherea52, g5193, andhm50.555. In these equations th
value ofh0 at any density is determined by minimizing th
free energy at that density. This form of the free energy
optimized for the dense fluid. Essentially, if we start fro
any configuration of the dense fluid and begin to expand
the spheres~so increasing the volume fraction! then at some
point the spheres will touch and then the spheres canno
expanded further. At this point the volume fraction ish0;
this can be seen from the logarithimic term in Eq.~3!, which
diverges whenh5h0. If we start from different configura-
tions then after expansion of the spheres we may end up
a different value ofh0. The larger the differenceh02h then
the more room the spheres have, which increases the
tropy. However, simulations show that there are few arran
ments of the spheres that have a largeh0; therefore there is
an entropic cost to being in an arrangement with a largeh0 .
Ng(h0), Eq. ~4!, is essentially the number of ways of arran
ing spheres such that the maximum possible volume frac
is h0; it is maximal ath05hm . The competition between
the third and fifth terms in Eq.~3! then determines the valu
of h0. As the spheres touch whenh5h0 and if we assume
that the expansion is isotropic, then the separationb of
spheres at a givenh andh0 is

b/s5~h0 /h!1/3, ~5!

just as in a crystal. The energy of attraction is approxima
by the energy of interaction of each sphere with its six nei
bors @6# at a separationb

u53v~b!53v„~h0 /h!1/3
…. ~6!

As the energy depends onh0, the total free energy, Eq.~2!,
is minimized to obtainh0 at each density and temperature

Guides to the accuracy of our free energy are obtained
comparison with existing simulation data. Fork57, Hagen
and Frenkel@9# find a fluid-fluid critical point at kT/e
50.41, h50.26, whereas we predictkT/e50.54, h50.30.
The agreement is fair although not quantitative and we
pect our theory to do better at higher densities. Applying
approximation of the type Eq.~6! to a face-centered-cubi
~fcc! crystal @10# yields an fcc-crystal–fcc-crystal critica
point whenk5100 atkT/e51.1, h50.69. Bolhuis, Hagen
and Frenkel@11# using computer simulation and perturbatio
theory predictkT/e50.70, h50.71. Again, there is fair bu
not quantitative agreement.

We should note that our theory, although a perturbat
theory, differs markedly from the conventional high tem
perature expansions used to study liquids@13#. These are
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most accurate for long-range attractions. The theory
closely related to simple theories of a crystal of spheres w
a short-range attraction such as that of Daanounet al. @14#.
These theories should be as applicable to a fluid near ran
close packing as they are to a crystal. The crystal lat
enters a theory such as that of Ref.@14# only by fixing the
close-packing density and the number of nearest neighb
It relies on the fact that in a dense crystal each sphere
rattles around in a cage formed by its nearest neighbors.
this is also true in a glass and is true except for infrequ
rearrangements in a very dense fluid@7,1#.

III. RESULTS

Results for four short ranges are plotted in Fig. 1@8#. A
simple liquid such as argon is reasonably well modeled by
attraction of inverse rangek51.8 @12#. The results are for
inverse ranges up to two orders of magnitude greater.
notable feature is that the critical densities and the dens
of the liquid phase are high and move to higher density
the range decreases. At high density the particles are pu
together until they are within range of the attraction. Th
occurs at separations between the surfaces of the spheb
2s5O(sk21). With the particles just within range of th
attraction there is a clear energetic driving force towa
phase separation: the fluid lowers its energy at fixed ove
density by some of the fluid condensing into a dense fl
where all the spheres are well within the range of the attr
tion of their nearest neighbors. This is just what was o
served by Bolhuis, Hagen, and Frenkel@11# in the fcc crys-
tal. In the absence of the crystalline phase, due
polydispersity perhaps, the transition simply shifts over to
fluid-fluid transition, and it occurs at a lower density due
the fact that the random-close-packing density, which is
maximum density of amorphous spheres, is lower than
maximum density of spheres achievable in an fcc crys
Because of the smaller number of neighbors in the de
fluid as compared to the crystal, the transition shifts to
lower temperature, but in both cases the critical tempera
varies little with changing range.

FIG. 1. The fluid phase diagrams in the temperature-den
plane, for four different ranges. The curves are, from left to rig
for inverse rangesk57, 20, 40, and 100. In each case the cur
encloses the fluid-fluid coexistence region and the critical poin
the highest point on the curve.
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We predict a critical point at a density that increases
the range decreases and at a temperature which is rou
constant. Although we cannot perform calculations at z
range,k5`, extrapolation of our results together with th
results of Bolhuis, Hagen, and Frenkel@11#, who were able
to study the zero-range limit in the crystal, suggests tha
the zero-range limit there is a fluid-fluid critical pointat the
random-close-packing density and ate/kT5O(1).

Baxter@15# solved the Percus-Yevick~PY! approximation
for hard spheres with a zero-range attraction,k→`, and an
infinite reduced well depthe/kT→`. He defined a param
etert, which is related to the second virial coefficientB2 by

t5 1
4 ~12B2 /B2

HS!21, ~7!

whereB2
HS is the second virial coefficient of hard sphere

This is an extreme model and Stell has shown that the fl
phase is unstable atall nonzero densities for finitet @16#.
Above we considerede/kT5O(1), for which t→` as k
→0. Stell @16# showed that in the zero-range limit the viri
expansion is pathological. See Refs.@11,16–18# for the equi-
librium phase diagram in the zero-range limit. Within the P
approximation there are two routes to the thermodyna
functions. Both routes incorrectly predict a stable fluid; th
the PY approximation is qualitatively wrong for the equili
rium behavior. However, if the nucleation rate of the cry
talline phase is very low even for an infinite reduced w
depth then the fluid will be metastable@1# and the predictions
of the PY approximation may be valid for this fluid@19#. The
model is still an extreme one,e/kT is divergent, and the PY
approximation is an uncontrolled one, so it is difficult
place much faith in its predictions. The two routes both p
dict fluid-fluid critical points. If the compressibility route i
used, the critical point is at the low volume fractionh
50.12 and att50.098, whereas via the energy route t
prediction ish50.32 andt50.12@20#. The prediction of the
compressibility route in particular is surprising. Simulatio
find a critical density that increases as the range decrea
As we noted above, fork57 Hagen and Frenkel@9# found a
critical volume fractionh50.26, twice the value of a van de
Waals fluid. Note that the PY approximation predicts a pr
sure that diverges only ath51; it is qualitatively wrong
even for the fluid of hard spheres at densities near rand
close packing. Because of this the PY approximation
never predict a transition at random close packing. The
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approximation is qualitatively wrong for very dense fluid
where the spheres are very close together but a short-r
attractions favors precisely these configurations. We the
fore suggest that its predictions be treated with caution.

In summary, the present theory predicts a fluid-fluid tra
sition that is always ate/kT5O(1) and occurs at a densit
that approaches that of random close packing as the ra
approaches zero. The PY approximation predicts a fluid-fl
transition in the zero-range limit, which is at quite low de
sity, ande/kT→`. We should note that these two predi
tions are not incompatible; it is possible that there are t
fluid-fluid critical points. The present theory is restricted
e/kT5O(1) and so cannot describe fluids with very-sho
range attractions and smallt wheree/kT@1. Thus the fact
that it does not predict another fluid-fluid transition at lowt
and low density for very-short-range attractions is not e
dence that there is no transition there. Ultimately, compu
simulations or much more accurate theories will be requi
to prove whether or not either prediction is correct.

IV. CONCLUSION

In conclusion, we have determined the phase diagram
hard spheres with an attraction with a range of order 0.1
0.01 of the hard-core diameter, which are constrained no
crystallize. The fluid-fluid transition persists, according
our approximate theory, for all ranges of the attraction.
the range decreases the density at the critical point incre
and can become very high near the random-close-pac
density of hard spheres. As the density is so high, observ
it will be difficult as the dynamics are very slow at the
densities; the densities can exceed that of the glass trans
of hard spheres. Due to these slow dynamics a glass-g
transition may be observed instead of a fluid-fluid transitio
but again it may be impossible to observe directly. The d
ficulty in observing fully equilibrated coexistence does n
mean that the transition has no observable consequences
of equilibrium systems tend to head toward equilibrium, a
even if they do not reach equilibrium their final state may b
roughly speaking, the point on the path to equilibrium whe
the dynamics stop. One final point is that as the range
creases the critical point, with its associated large fluct
tions and critical slowing down of the dynamics@21#, will
approach the kinetic glass transition. What effect this w
have on the kinetic glass transition is unknown.
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